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Abstract 
We discuss a generalization of Wilson’s fundamental construction for group divisible designs which 
is intended to produce 3-wise balanced designs, rather than pairwise balanced designs. The 
construction generalizes many known recursive constructions for Steiner quadruple systems and 
other related designs. The generalization of Wilson’s construction is based on a structure which is 
a 3-design analogue of a group divisible design. We show that other such analogues which have 
appeared in the literature are special cases of our definition. We also give several new applications of 
these structures. 
1. Introduction 
The purpose of this paper is to extend the seminal work of Hanani [6,9, lo] and 
that of Wilson [25,26] on pairwise balanced designs and group divisible designs to 
the construction of designs with balance for 3-subsets. Several authors have made this 
extension in the past (Aliev [l], Rokowska [22], Mills [19], Hartman et al. [15], 
Granville and Hartman [4], and Colbourn and Hartman [3] and also Hanani 
[S, 7,111). In this paper we give a common generalization of all these constructions 
and point out the connections with Wilson’s fundamental construction. We also give 
some new applications of this construction, and provide new examples of the building 
blocks needed in these applications. 
Let us begin with a short account of Wilson’s (and Hanani’s) fundamental construc- 
tion. A pairwise balanced design (PBD) of order u is a pair (X, B) where X is a set of 
cardinality u, and B is a set of subsets of X (each of which is called a block) with the 
property that every 2-element subset of X is contained in a unique block. A group 
divisible design (GDD) of order u is a triple (X, G, B) with the property that (X, G uB) is 
a PBD of order v, and each point of X is contained in a unique member of G, i.e. G is 
a partition of X. (Members of G are called groups.) 
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We now define a t-wise balanced design (t-BD) to be a pair (X, B), where X is a finite 
set of points and B is a set of subsets of X, called blocks with the property that every 
t-element subset of X is contained in a unique block. Thus, a group divisible design is 
just a pairwise (=2-wise) balanced design with a distinguished set of blocks G c B such 
that (X, G) is a l-wise balanced design. The blocks of a l-wise balanced design form 
a partition of its point set. (We will shorten l-wise balanced design to l-design in the 
sequel.) Note that we do not insist that blocks be of size at least t so that, for example, 
in a PBD we allow blocks of size one. 
A Steiner system S(t, k, II) is a t-BD with all blocks having size k, on a set of u points. 
A Steiner quadruple system of order v is an S(3,4, u). When we wish to specify a set K, 
of block sizes in a t-BD with u points, we shall use the notation S(t, K, u). 
Wilson’s and Hanani’s work uses PBD’s and GDD’s to construct Steiner systems 
S(2, k, u). Our final aim is to facilitate the construction of Steiner systems S(3, k, u) and 
it is with this in mind that we attempt a generalization of the fundamental construction. 
A necessary and sufficient condition for the existence of an S(l, K, u) is that u has an 
expression as a sum of members of K. A weaker condition, u=O (mod g.c.d.(K)), is 
sufficient for large values of u. Necessary conditions for the existence of an S(t, K, u) 
with t> 1, are: 
the existence of an S(t- 1, K- 1, u- 1) (where K- 1 denotes the set 
{k- 1: kEK}), and 
(I)-0 (modg;$. (:)). 
Wilson [27] was able to show that these two conditions are sufficient for the existence 
of an S(2, K, O) provided u is sufficiently large. One would like to prove a similar 
theorem for S(3,K, u), i.e. when v is sufficiently large, the necessary congruence 
conditions are sufficient for the existence of an S(3, K, u). 
Hanani [S, 71 has shown that the necessary conditions given above for the existence 
of S(3,4, u) and S(3, {4,6}, u are indeed sufficient. In [ 1 l] and [S] Hanani also proves ) 
the result for some larger sets of block sizes. The paper [ 1 l] is also the state of the art 
as regards the existence of S(3, k, u) with k25, except for a few constructions of 
individual designs which are listed in [2]. 
2. The fundamental construction for GDD’s 
Following [26] we now give the fundamental construction for group divisible 
designs. Let (X, G, B) be a ‘master’ GDD and let a positive integral weight s, be 
assigned to each point XEX. Let (S,: xcX) be pairwise disjoint sets with IS,1 =sx. 
With the notation Sy= uxeY S, for Y c X, let 
X’=Sx, 
G’={S,:gEG}. 
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For b E B, we have a natural 1 -design 7~~ = (S,, {S, : XE~}); we suppose that for each 
block beB, a ‘slave’ GDD 
(S,, 1%: xeb), G) 
is given. Let 
B’= u C,, 
beB 
then (X’, G’, B’) is a GDD. 
This construction is a recursive construction for the GDD(X’, G’, B’) given the 
master GDD and the additional slave GDD’s (sb, {S, : xEb}, Cb) as input designs. In 
order to generalize this construction for 3-wise balanced designs, we need appropriate 
definitions of master and slave 3-analogues of group divisible designs. Before doing 
this we point out a construction connecting PBD’s and GDD’s. This construction is 
referred to by Wilson as ‘adjoining subdesigns.’ 
If (X, B) is a t-wise balanced design, then a subdesign of (X, B) is a t-wise balanced 
design (Y, C) such that YE X and C E B. Note that we admit trivial subdesigns with 
0 < ( Y ( < t and C = 0. We also admit single blocks as subdesigns, so if bg B then (b, {b} ) 
is a subdesign of (X, B). 
Now let (X, G, B) be a GDD and let F be a set disjoint from X. Let (F, D) be a PBD, 
and for each group gE G, let (gu F, BB) be a PBD containing a subdesign (F, C,). Now 
let 
X’=XuF, 
B’=BuDu u (B,-C,). 
!7sc 
The system (X’, B’) is a PBD. Furthermore, the construction can be reversed. Let 
(X, B) be a PBD with a set of subdesigns { ( yi, Ci) : i =O, 1,. . . , n} with the property that 
X = uy= a Yi and Yin Yj = Y0 for all 0 < i < j <n. Then one can construct the following 
GDD: 
( 
X-Yo,{Yr, Yz,..., Yn},B- fi Ci . 
i=O ) 
We shall refer to this reverse process as ‘deleting a fun of subdesigns’. The simplest 
application of the process of deleting a fan of subdesigns is when Y, is a singleton, and 
the K with i3 1 are the blocks of the PBD which contain Ya. 
3. 3-analogues of group divisible designs 
The difficulty in finding an appropriate analogue for GDD’s with t = 3 is that there 
are several alternative definitions for a GDD which generalize in different ways when 
t = 3. The definition given above states that (X, G, B) is a GDD if (X, G) is a l-design, 
and (X, GuB) is a PBD. Four possible analogues of this definition are feasible, and 
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these definitions tend to be used for the ‘master’ designs in the 3-analogues of the 
fundamental construction. 
Definition 3.1 (G-design). (X, G, T) is a G-design if (X, G) is a l-design and (X, Gu T) 
is a 3-wise balanced design. 
Definition 3.1 includes Mills’ [19] definition of (a G-design) G(m, r, k, 3) (where Mills 
insists that there be m groups of size r, and that all blocks have size k). It is also related 
to Hanani’s definition [7, Definition 23 of the systems P,,, [K, 1, v] which we discuss 
below. 
Example 3.2. The standard doubling construction for Steiner quadruple systems is 
actually a construction for a G-design. Let X be a set of cardinality 4n and let 
G={Y,, Y,} be a partition of X into two parts of size 2n. Let F’;,F\,...,Fi,_i, 
i = 1,2, be one-factorizations of the complete graph with vertex set Yr. Now let T be 
the set of 4-subsets of X defined by 
T={{x,y,z,t}:{x,y}~F~,{z,t)~F~,j=1,2 ,..., 2n-1). 
It is an easy exercise to verify that (X, G, T) satisfies Definition 3.1. The 3-wise 
balanced design (X, Gu T) contains two subdesigns (x, { Y,}), i= 1,2, and each of 
these may be replaced by another 3-wise balanced design ( Yr, Bi) to give a new 3-wise 
balanced design. If each of the Bi contains only blocks of size 4, then the resulting 
system is an SQS. 
Example 3.3. Mills [19, Theorem l] shows that for every positive integer m there 
exists a G-design (X, G, T), where IX I= 6m, G is a partition of X into m parts of size 6, 
and each block in T has size 4. 
Definition 3.4 design if (X, B) 
is a PBD and (X, Bu T) is a 3-wise balanced 
wishes to generalize 
point from a PBD. 
Example 3.5. Let (X, M) be an S(3, k, u) and let XEX. Define M, to be the set of blocks 
in M which contain x, and let T be the set of blocks not containing x. Now set 
B= {b- {x} : by M,). It is clear now that (X- {xl, B, T) satisfies Definition 3.4. 
Furthermore, the blocks in B all have size k- 1, and those in T, all, have size k. 
Definition 3.6 (Distinguished GD design). (X, G, B, T) is a distinguished GD design if 
(X, G) is a l-design, (X, G u B) is a PBD and (X, G u B u T) is a 3-wise balanced design. 
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Definition 3.6 is also a realistic generalization of the idea of deleting a point from 
a 3-wise balanced design. It requires, however, that the PBD derived from blocks 
containing the deleted point should actually be a GDD in that it contains a l-design. 
Example 3.7. Let (X, M) be an S(3,n+ 1,n2+ 1) and let XEX. Proceeding as in 
Example 3.5 we note that (X- {x}, B) IS an S(2, n, n’) which is an affine plane of order 
n. If n is a parallel class of lines in the plane, then (X - {x}, 7t, B - rc, T) is a distin- 
guished GD design. 
Example 3.8. Let (Z”,,M,) be the SQS of order 2” whose blocks are the subsets 
of size 4 whose sum (in Z”,) is zero. Delete the zero vector from Z”, and proceed as in 
Example 3.5, letting T, be the set of all blocks in M,, not containing 0, and letting B, be 
all the blocks in M. which contained 0, but have had the zero vector deleted. 
We claim that when n is even the PBD (Z”,--(O},B,) contains a l-design. This is 
clearly true when n=2 since in this case B, =x2 contains only one block which is 
z; - (00) = (01, 10,l l}, and thus is itself l-design. 
We proceed by induction. Let ~~~={{x~~y~~Z~}:i=1,2,...,(22m-l)/3} be a 
l-design contained in B2,,,. Then the following set of blocks, r~~,,,+~, is a l-design 
contained in B2,,, + 2. 
{ {02”01, 02”10, 02”1 l}, 
{XiOO, YiOO, ZiOO}, 
{XiOl, YilO, Zill}, 
{XJO~yill~ZiO1}~ 
{X~11,~~Ol,Z~10)~i~1~2~~~~~(22m~1)/3}~ 
Now we have constructed the quadruple (Zsm- (O}, rc2,,,- B2,,,-x2,,,, T2,,,) which 
satisfies Definition 3.6, for all positive integers m. The blocks in T,,, all, have size 4, 
and those in B,, and 7cZm, all, have size 3. 
Definition 3.9 (2-f&1 design). (X, G, B1, B2, T) is a 2-fun design if (X, G) is a l-design, 
(X, Gu B,) is a PBD, (X, Gu B,) is a PBD and (X, Gu B1 u B2 u T) is a 3-wise 
balanced design. 
Definition 3.9 is appropriate when deleting two points from a 3-wise balanced 
design, as follows: 
Example 3.10. Let (X, M) be an S(3, k, v) and let x1 and x2 be distinct members 
of X. Define M,, to be the set of blocks in M which contain both x1 and x2. Let Ml 
be the set of blocks in M which contain x1 and do not contain x2, and let M2 be the 
set of blocks which contain x2 and do not contain x1. Now let T be the set 
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of blocks containing neither xi nor x2, let Bi=(b-{xi} :beMi} and let 
G={b-{x1,~2}:b~M11}. Clearly,(X-{ xi, x2}, G, B,, B,, T) is a 2-fan design. Fur- 
thermore, the blocks in G all have size k- 2, all the blocks in Bi have size k- 1, and 
those in T all have size k. 
Example 3.11. Let (X, M) be a 3-BD constructed from the designs of Mills discussed 
in Example 3.3, and let x1 and x2 belong to the same block of size 6. Now proceeding 
as in Example 3.10 we obtain a 2-fan design with G containing one block of size 4 and 
the remaining blocks are of size 2. The blocks in Bi all have size 3 and those in Tare of 
size either 4 or 6. 
The definition of 2-fan design has the following generalization to the deletion of an 
arbitrary fan of subdesigns: 
Definition 3.12 (s-$un design). (X, G, B1, B2, . . . . B,, T) is an s-fan design if (X, G) is 
a l-design, (X,GUBi) is a PBD, for all i=l,2,...,s and (X,GuUI=,BiuT) is 
a 3-wise balanced design. 
Our definition of an s-fan design is similar to, but weaker than, the definition of 
Hanani [7] of the systems Pk [K, 1, mr + s], since Hanani insists that all the groups be 
of the same cardinality. 
The definition of an s-fan design also includes all our previous definitions as special 
cases: 
A O-fan design is a G-design. 
A l-fan design together with the set of all singletons as groups is a distin- 
guished PB design. 
A l-fan design is a distinguished GD design. 
Example 3.13. Let (X, M) be a 3-BD with a set of subdesigns {(x, Ci) : i = 0, 1, . . . , n> 
with the property that X= ul,O x and Y,n Yj= Y, for all 06 i< j bn. (Hanani [7] 
calls such a system a P,[K, 1, u].) If 1 Ye 1 =s and if Y, = {xi, x2, . . . . x,} then one can 
construct an s-fan design as follows: Let T= {b : by M, bn Y, = fJ>, so that T is the set 
of blocks containing no point of Ye. Let Bi={b-{xi} : bEM, bn Yo= {Xi}}, SO Bt is 
the blocks which contained only the point Xi from Y, and then has this point deleted. 
Now we claim that 
(X--Y,,(Y,,Y~,...,Y,},B,,B,,...,B,,T) 
is an s-fan design. This follows from the definition of a subdesign and the subdesign 
structure of (X, M ). 
Example 3.14. Hartman [12, 143 has constructed s-fan designs with G containing 
3 sets of cardinality g for all s = 0 (mod 2), g > s and g = 0 or s (mod 6). In these designs 
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the blocks in T all have size 4, and those in Bi, i = 1,2,. . . , s, all have size 3. These 
designs are known in the literature as tripling constructions for SQS, since there is 
a natural way to complete these structures to an SQS of order 3g + s if there exists an 
SQS of order g+s containing a subsystem of order s. 
Example 3.15. Granville and Hartman [4] have constructed s-fan designs with 
G containing 4 sets of cardinality g for all s s 0 (mod 2), g >, s and g = 0 (mod 2). In these 
designs the blocks in T all have size 4, and those in Bi, i = 1,2,. . . , s all have size 3. 
Granville and Hartman referred to these designs as quadrupling constructions for 
SQS, since there is a natural way to complete these structures to an SQS of order 
4g + s if there exists an SQS of order g + s containing a subsystem of order s. 
3.1. An alternative set of de$nitions 
Another definition of GDD also used quite frequently is the following: The triple 
(X, G, B) is a GDD if (X, G) is a l-design, every pair of points in distinct groups is 
contained in a unique block, and every block intersects every group in at most one 
point (or equivalently, no pair of points in the same group is contained in any block). 
To simplify the discussion of generalizations of this definition we introduce the 
following terminology. If (X, G) is a l-design and Y is a subset of X, we shall say that 
Y is n-partite with respect to the l-design if Y has a nonempty intersection with 
precisely n of the groups in G. We shall use the terms monopartite bipartite and 
tripartite for l-, 2-, and 3-partite, respectively. 
Now the previous definition can be restated as (X, G, B) is a GDD if (X, G) is 
a l-design, every bipartite 2-subset of X is contained in a unique block, and no 
monopartite 2-subset of X is contained in any block. This definition leads one to the 
following possible generalizations, which tend to be appropriate for ‘slave’ designs in 
the 3-analogues of the fundamental construction. 
Definition 3.16 (Tripartite design). (X, G, T) is a tripartite design if (X, G) is a l-design, 
every tripartite 3-subset of X is contained in a unique block, and no monopartite or 
bipartite 3-subset is contained in any block. 
Definition 3.16 contains Hanani’s definition [7, Definition 31 of the systems 
PL[K, 1, v] and Mills’ definition of H-designs H(m, r, k, 3); but both these authors 
restrict themselves to the case where all groups have the same size r=v/m. This 
definition can also be found in Lenz [17], who calls the structure a divisible 3-design 
030 [k,r; v]. 
Our definition of tripartite design also lends itself to the generalization of trans- 
versal 3-design proposed by Hanani in [ll]. In that paper the structures T3 [s, 1; r] 
contain s groups of size r and every block has size s. These designs are equivalent to 
orthogonal arrays of strength 3, see, for example, [21]. 
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Example 3.17. The simplest examples of tripartite designs have X=2, x Zq, 
G={Z,x {i}: i=O,1,2,3}, and T={{(a,O),(b, l),(c,2),(&3)}: a+b+c+d=O (modn)}. 
Tripartite designs with 4 groups of size n and blocks of size 4 are co-existent with 
Latin cubes of side n. The equivalence is shown by taking as groups the sets of row 
labels, column labels, file labels and symbols, and then constructing n3 blocks one for 
each cell of the cube. The block contains the row, column, file and symbol of the cell. 
Furthermore, the construction is reversible. 
Example 3.18. Hanani [7, Design 81, Mills ([19, Lemma 71 and Lenz ([17, 
Example 1.23 all give essentially the same construction for a tripartite design with 
6 groups of size 3 and all blocks in T of size 4. 
Example 3.19. Hartman et al. [15] proved that for all positive integers m 23 (with the 
possible exceptions of m~{9,27,81}) there exists a tripartite design with m groups of 
size 6, with all blocks in T having size 4. Recently Mills [20] has constructed a design 
with m= 9 and, using the results in [15], this implies existence for m=27 and m = 81. 
Example 3.20. A result of Brouwer quoted in [l l] states that if 4 is a prime power, 
then there exists a tripartite design with q+ 1 groups of size q with all blocks in 
T having size q + 1. 
Example 3.21. Another result of Brouwer quoted in [ 1 l] states that if q = 2’ then there 
exists a tripartite design with q+2 groups of size q with all blocks in T having size 
q+2. 
Example 3.22. For every even integer n, there exists a tripartite design with (1) n 
groups of size 2, (2) two blocks of size n, and (3) the remaining blocks of size 4. This 
design is constructed as follows: Let 1, = (0, 1, . . . , n - l} be an n element set, and let 
X=I, x 12. Let G={{i} x lz: iel,}. Now let F1,Fz,...,F,_i be a one-factorization of 
the complete graph with vertex set 1,, and construct the block set as follows: 
Definition 3.23 (Complete bipartite design). (X, G, T) is a complete bipartite design if 
(X, G) is a l-design, every bipartite 3-subset of X is contained in a unique block, and 
no tripartite or monopartite 3-subset is contained in any block. In this case every 
block of size 3 or more must be bipartite and have cardinality at most 4. 
Definition 3.23 has the obvious limitation that blocks can have cardinality at most 
4. However, these designs are useful in that they provide the necessary blocks to 
complete a tripartite design to a 3-BD. 
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Example 3.24. If every group has the same cardinality, and this integer (cardinality) is 
even, then we can construct a complete bipartite design with blocks of size 4 using the 
designs in Example 3.2 on every pair of groups. 
In the sequel - and to describe a construction due to Colbourn and Hartman [3] 
we shall also require the following generalization of complete bipartite designs. 
Definition 3.25 (Partial bipartite design). (X, G, T) is a partial bipartite design if (X, G) 
is a l-design, every bipartite 3-subset of X is contained in at most one block, and no 
tripartite or monopartite 3-subset is contained in any block. 
Example 3.26. The following is a generic construction for partial bipartite designs. 
Let(X,G)beal-designandlet Yrand Y,betwogroups.LetFi,F\,...,FI,i=l,2, 
be disjoint partial one-factors of the complete graph with vertex set x. Now let 
T contain the set of 4-subsets of X defined by 
{{x,y,z,t}:{x,y}EF;,{Z,t}EF;,j=1,2 )...) n>. 
Repeat the construction for all pairs of groups ~ possibly using different sets of 
partial one-factors at each stage. 
We insert at this point a rephrasing of the definition of G-design to illustrate its 
formulation in terms of n-partite 3-subsets. 
Definition 3.27 (G-designs again). (X, G, T) is a G-design if (X, G) is a l-design, every 
bipartite, and every tripartite 3-subset of X is contained in a unique block, and no 
block contains a monopartite 3-subset. 
Definition 3.28 (Partial G-design). (X, G, T) is a partial G-design if (X, G) is a l-design, 
every tripartite 3-subset of X is contained in a unique block, every bipartite 3-subset of 
X is contained in at most one block, and no block contains a monopartite 3-subset. 
In spirit this definition is the closest to Hanani’s structures [7, Definition 51 
Qm[K, 1, u]. Hanani insists that (1) all the groups be of the same size and (further) 
(2) the sets of bipartite triples contained in blocks should be invariant under any 
permutation of the groups. This second restriction is not necessary for the generalized 
fundamental construction, but most of the examples which we give will have this 
property. 
Partial G-designs have been used by Hanani [7], Mills [19], Hartman et al. [15], 
Granville and Hartman [4], and Colbourn and Hartman [3]. In the latter three 
references partial G-designs are called design fragments. 
The final definition, which is the one which we shall adopt, is a common general- 
ization of all the above, except for Definition 3.25, and we have chosen it (the final 
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definition) as the most appropriate structure for generalizing both the fundamental 
construction and the adjoining subdesigns construction. If we followed the nomencla- 
ture introduced above we should probably call these structures partial s-fan designs, 
but we have opted for the less adventurous option of 3-wise group divisible designs. 
Definition 3.29. An (s + 3)-tuple D =(X, G, B,, B,, . . . , B,, T) will be called a 3-wise 
group divisible design of degrees s (3GDD(s)) if the following conditions hold: 
(1) (X, G) is a l-design, members of G are called groups. 
(2) For each i= 1,2, . . . , s, Bi is a set of subsets of X called p-blocks with the 
properties that 
(a) No monopartite 2-subset of X is contained in a p-block. 
(b) Every bipartite 2-subset of X occurs in at most one p-block in each Bi. (Such 
a 2-subset may occur in a p-block in more than one of the Bi, but is contained in 
at most one block within each Bi.) 
(3) T is a set of subsets of X called t-blocks with the properties that 
(a) No monopartite 3-subset of X is contained in a t-block. 
(b) Every bipartite 3-subset of X occurs in at most one t-block. 
(4) Every tripartite 3-subset of X occurs in precisely one block (either in a t-block 
or a p-block), i.e. in precisely one member of Tu Uf= 1 Bi. We will denote the set 
of all blocks by B(D)= TU US= 1 Bi. 
Another way of phrasing this definition is that each (X, G, Bi) is a partial GDD, and 
(X, G, B(D)) is a partial G-design. 
An important special case of a 3GDD(s) is the s-fan design. A 3GDD(s) is an s-fan 
design if the two occurrences of the phrase ‘at most’ are replaced by the word ‘exactly’. 
In other words, a 3GDD(s) is an s-fan design if each (X,G, Bi) is a GDD, and 
(X, G, B(D)) is a G-design. 
The role of partial bipartite designs is to provide a structure which completes 
a 3GDD(s) to an s-fan design. 
The other important special case of a 3GDD(s) is equivalent to a tripartite design. 
A 3GDD(s) is equivalent to a tripartite design if the two occurrences of the phrase ‘at 
most one’ are replaced by the word ‘no’. In other words, a 3GDD(s) is equivalent to 
a tripartite design if each Bi is empty and (X, G, T) is a tripartite design. 
4. The fundamental construction for 3GDD 
A basic idea used in the fundamental construction for 3GDD is the notion of the 
compatibility of a set of slave 3GDDs. We shall first give the construction, and then 
define compatibility in terms of the construction. 
Let D=(X,G,B1,B2 ,..., B,, T) be a ‘master’ 3GDD(u) and let a positive integral 
weight s, be assigned to each point XEX. Let (S,: XEX) be pairwise disjoint sets with 
The fundamental construction .for 3-designs 117 
lSxl=s,. With the notation SY=UxaYSx for YsX, let 
X’=Sx, 
G’={S,: gEG}. 
For each block b E B(D), we have a natural 1 -design rc6 = (S,, {S,: x E b} ); we suppose 
that for each p-block b E u ;= 1 Bi = B(D) - T, a ‘slave’ 3GDD(w) 
&=(Sb, {S,:xcb}, C,(b), C,(b),..., C,(b), T(b)) 
is given. Now construct 
Bi= u Ci(b), i=1,2 )...) W, 
bEB(D)-T 
Also suppose that for each t-block bET, a ‘slave’ tripartite design 
Db=(Sbr {&: xEb}, T(b)) 
is given. Now construct 
T’ = u T(b). 
boB(D) 
We shall say that the set (06: bEB(D)- T} of slave 3GDD(w)‘s is compatible with respect 
to D and the weight function s, if the (w + 3)-tuple O’=(X’, G’, B;, B;, . . . . B:, T’) 
is a 3GDD(w). 
Note that almost all of the conditions defining a 3GDD(w) are automatically 
satisfied by the construction: 
l (1) (X’, G’) is clearly a l-design. 
l (24 
0 (3a) 
l (4) 
No monopartite 2-subset of X’ is contained in any p-block. To see this 
consider the p-block BE C,(b) for some b E Bj. Since 1 b n g I< 1 for all g E G and 
lflnS,ldl for all xeb, we have IfinS,/< for all gEG. 
No monopartite 3-subset of X’ is contained in any t-block. To see this consider 
the t-block PET(b) for some beB(D). If bETthen lbngl62 for all gEG, and 
D, is a tripartite design, so I/3nS, I d 1 for all xEb, and thus I j?nS,I <2 for all 
gEG. If bEB(D)- Tthen (bngld 1 for all gEG and since Db is a 3GDD(w) we 
have lPnS,1<2 for all xgb, and hence I/lnSsl<2 for all ggG. 
Every tripartite 3-subset of X’ is contained in a unique block. Let r = {tx, t,, tZ} 
>e a tripartite 3-subset with tx~S,, ty~Sy and t,ES,. Since z is tripartite with 
.espect to (X’, G’), it follows that {x, y, z} is tripartite with respect to (X, G). 
Thus, there is a unique block beB(D) containing it. Now r is tripartite with 
.espect to the l-design of &, and thus is contained in a unique block of B(D,). 
Furthermore, z is not tripartite with respect to the l-design of any other D, with 
:# b, since this would contradict the uniqueness of b. Thus, r is contained in 
I unique block of B(D’). 
l Subset of 3b. A large class of the bipartite 3-subsets are guaranteed to occur in at 
most one block. Let t be a 3-subset of X’ which is bipartite with respect to the 
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l-design (X’, G’) but is tripartite with respect to the l-design (X’, {S,: xeX}). By the 
same reasoning as above, z is contained in a unique block of B(D’). 
It therefore only remains to consider the bipartite a-subsets in p-blocks 
(Condition (2b)) and the bipartite 3-subsets with respect to (X’, {S,: x~X}) in t-blocks 
(remainder of Condition (3b).). 
2-compatibility. Let {x, y} be a bipartite 2-subset with respect to (X, G). Now {x, y} 
is contained in at most u p-blocks of D, (at most one in each Bi). For definiteness 
let us call these blocks bI, bz, . . . , b,. Fix j and consider the set of blocks 
BJ(X,y)=Cj(b,)uCj(bz)u’.. uCj(b,). If the pair t,, t, is contained in at most one 
block of B~(x, y) for every t,ES, and every t,gS, then the slave 3GDD(w)s are said to 
be a 2-compatible in the j-th component on the pair x,y. If the bipartite 2-subsets 
condition of the definition of 3GDD(w) is to hold for D’ then the slave 3GDD(w)‘s 
must be 2-compatible on all components and on all bipartite pairs x, y. 
S-compatibility. A similar check must be performed for bipartite 3-subsets. Let 
T’(x,y)=T(bI)uT(bz)u... u T(b,). If the 3-subset t,, u,, t, is contained in at most 
one block in T’(x, y) for all t,#U,ES, and all t,ES, and, moreover, if the 3-subset 
t,, t,, uy is contained in at most one block in T’(x, y) for all &ES, and all t, # u,ES, 
then the slave 3GDD(w)s are said to be 3-compatible on the pair x, y. If the bipartite 
3-subsets condition of the definition of 3GDD(w) is to hold for D’ then the slave 
3GDD(w)‘s must be 3-compatible on all bipartite pairs x, y. 
Compatibility. In summary, the set of slave 3GDD(w)‘s is compatible with respect 
to D and s, if for every bipartite pair x, y (with respect to (X, G)) the set is 3-compatible 
on x, y and 2-compatible in all components on x, y. 
Note that the compatibility of slaves with respect to D is trivially satisfied when D is 
a 3GDD(u) and U< 1. This can be seen by noting that the number n of p-blocks in 
D containing a bipartite pair is at most 1. 
Another special case of great importance is when the master design D is a l-fan, and 
the slave 3GDD(w)s are all w-fans. In this case the resulting design D’ is a w-fan. 
These observations immediately give short proofs of the following results: 
Theorem 4.1 (Hanani [7]). 1f there exists an S(3, {4,6}, u) then there exists an 
S(3, {4,6}, 2v - 2). 
Proof. Let the master design D =(X, G, B,, T) be 3GDD(l) constructed as in 
Example 3.5 from an S(3, {4,6}, u) by deleting a point, setting G to be the trivial 
partition, taking B1 as the resulting blocks of sizes 3 and 5, and taking T as the 
remaining blocks of sizes 4 and 6. Note that D is a l-fan design and also a distin- 
guished PB design. Let s, = 2 for all XIZX. 
If bEB1 and lb1 =3, let Db be the O-fan whose only block is the 6-set Sb. If bEB, and 
1 bl=5, let Db be the O-fan whose block set T(b) is the block set of an S(3,4,10) 
with point set Sb. If bET then let Db be the tripartite design constructed in 
Example 3.22 - the sizes of blocks in T(b) are 4 and 1 b I = 4 or 6. 
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Now apply the fundamental construction and we obtain the 3GDD(O) (X’, G’, T’) 
which is a O-fan, and thus (X’, T’) is an S(3, {4,6}, 2u-2) because G’ contains only 
2-subsets, and T’ contains only blocks of sizes 4 and 6. 0 
Hanani used this lemma and the doubling construction of Example 3.2 to give an 
inductive proof that an S(3, {4,6}, ) u exists if and only if u ~0 (mod 2). This result, 
together with the fundamental construction, enabled him to prove the following: 
Theorem 4.2 (Hanani [S, 71). There exists an SQS(u) for all u z 4 (mod 6). 
Proof (Hanani [7]). Let the master design D =(X, G, B1 , T) be a 3GDD( 1) construc- 
ted as above from an S(3, {4,6},(0+2)/3) by deleting a point, so 1x1 =(u- 1)/3. Let 
s,=3 for all xEX. 
If b~J3, and 1 bl = 3, let Db be the l-fan given in Example 3.7 with n = 3. If b~J3, and 
1 b I = 5, let D, be the l-fan given in Example 3.8 with II = 2m = 4. If b E T and lb I =4 then 
let D, be the tripartite design given in Example 3.17 with n = 3, and if I b I = 6 then let 
D, be the tripartite design described in Example 3.18. In all cases the blocks in T(b) 
have size 4, and the blocks in C,(b) have size 3. 
Now apply the fundamental construction and we obtain the l-fan (X’, G’, B;, T’) 
which can be completed to an SQS(o) by adjoining subdesigns of size 4 with 
a common subdesign of size 1. 0 
Corollary 4.3 (Hanani [S, 73). There exists an SQS(u)for all u E 8 (mod 12). 
Proof. Use the doubling construction of Example 3.2. 0 
Two other recursive constructions for S(3, k, u) which appear in [l l] are also 
proved using the fundamental construction, with a l-fan as the master 3GDD. 
Theorem 4.4 (Hanani [l 1)). Zfq is a prime power and there exists an S(3, q + 1, u + 1) 
then there exists an S(3, q+ 1, qu+ 1). 
Proof. Let the master design D =(X, G, B,, T) be a 3GDD(l) constructed as above 
from an S(3, q + 1, u + 1) by deleting a point. Let s, = q for all XEX. 
If bGB, let D, be the l-fan given in Example 3.7 with n = q. If bE T then let Db be the 
tripartite design given in Example 3.20 if q is odd. If q is a power of 2, use the tripartite 
design of Example 3.21 with a group deleted. 
Now apply the fundamental construction to obtain the l-fan (X’, G’, B;, T’) which 
can be completed to an S(3, q + 1, qu + 1) by adjoining a subdesign of size 1. 0 
Corollaries to this theorem are a ~-94~ - 3 construction for S(3,5, u) and a u+ 5u - 4 
construction for S(3,6, u). Hanani also gave the following recursion for S(3,6, u). 
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Theorem 4.5 (Hanani [ll]). 1f there exists an S(3,6, a) then there exists an 
S(3,6,4u - 2). 
Proof. Let the master design D =(X, G, B,, T) be the l-fan constructed from an 
S(3,6, v) by deleting a point. Let sx= 4 for all x~zX. 
If b E B, let Db be the 2-fan constructed by deleting five subdesigns of size 6 (blocks) 
with a common subdesign of size 2 from the (unique) S(3,6,22) as in Example 3.10. If 
bET then let D, be the tripartite design given in Example 3.21 with q=4. 
Now apply the fundamental construction, we obtain a 2-fan which can be com- 
pleted to an S(3,6,4(0 - 1) + 2) by adjoining u - 1 subdesigns of size 6 (blocks) with 
a common subdesign of size 2. 0 
Another set of results are obtainable without the complications of compatibility 
when either the master or all the slave designs are tripartite. The simplest example is 
the group inflation theorem for tripartite designs, which contains the direct product 
construction for orthogonal arrays as a special case. 
Theorem 4.6. Zf (X, G, T) is a tripartite design and for each be T there exists a tripartite 
slave design D, then the fundamental construction produces a tripartite design. 
Corollary 4.7 (Hanani [ll]). Zfr = nj qj where the qj are powers ofdistinct primes, then 
there exists a tripartite design with s groups of size r and all blocks of size s where 
s = 1 + min qj or s = 2 + min qj if the minimum is a power of 2. 
Proof. Use induction on the number of factors of r, the designs described in 
Examples 3.20 and 3.21 (deleting whole groups if necessary) and Theorem 4.6. 0 
Corollary 4.8 (Hanani [7], Mills [19]). There exists a tripartite design with 6 groups of 
size 3n and blocks of size 4 for all n> 1. 
Proof. Use the design described in Example 3.18 as the master 3GDD, let s, = n, and 
use Example 3.17 as the slave design. 0 
Corollary 4.9. There exists a tripartite design with m groups of size 6n and blocks of size 
4for all m#3 and n31. 
Proof. Use the designs described in Example 3.19 as the master 3GDD, let s,=n, and 
use Example 3.17 as the slave design. 0 
In particular there exists a tripartite design with 5 groups of size 6 and blocks of 
size 4 - first constructed by Mills in [19]. This was a key element in his proof of the 
following result. 
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Theorem 4.10 (Mills [19]). There exists a O-&n (G-design) with m groups of size 6 and 
blocks of size 4 for all m > 1. 
Proof. The proof is by induction. If m is even, use the doubling construction given in 
Example 3.2 with 2n = 3m and replace each of the two groups of size 3m by a O-fan with 
m/2 groups of size 6 and blocks of size 4. 
If m is odd, then use the fundamental construction as follows. Let the master 
design D =(X, G, Bi, T) be a 3GDD(l) constructed by deleting a point from an 
S(3, {4,6}, m + 1). Let s,=6 for all XEX, and let S,= (x} x Zs. 
If bEB, and JbJ=3, say b={ x,,, xi, x2}, let Db be the 3GDD(O) with the following 
block set. 
p+q+rr2i(mod6), i=O, 1,2} (1) 
Evaluate the subscripts modulo 3. Note that the bipartite 3-subsets covered by these 
blocks are precisely those of the form {(xi, n), (xi, n+ l), (xj, m)} with i #j and 
n, meZ,. 
If bEB, and ) bl = 5, let D, be the tripartite design with 5 groups of size 6 and blocks 
of size 4:If be T and 1 b I =4 then let Db be the tripartite design given in Example 3.17 
with n = 6, and if I b I= 6 then let D, be the tripartite design given by Corollary 3.18 
with n = 2. 
Now apply the fundamental construction and we obtain a 3GDD(O). This design 
can be completed to a O-fan by adding the following partial bipartite design. 
If {x, y} belongs to a block of size 5 then construct the complete bipartite design (as 
in Example 3.2) on Six,Y). If {x, y} belongs to a block of size 3 then construct the partial 
bipartite design (as in Example 3.26) using the 3 l-factors F:= {{(t, 2i), (t, 2i+2)}, 
{(t,2i+l),(t,2i+4)},{(t,2i+3), (t,2i+5)}}, i=O,1,2 and t=x,y. 0 
We now give an example of the fundamental construction where the compatibility 
of the slaves is not immediately obvious. This theorem is an improved version of 
a construction due to Hanani and first appeared in this form in Colbourn and 
Hartman [3]. 
Theorem 4.11 (Hanani [S, 71). There exists an SQS(v)for all u=2 (mod 12). 
Proof (Granville and Hartman [4] and Colbourn and Hartman [3]). The proof is by 
induction, and we assume the existence of an SQS(14) and an SQS(26). We wish to 
construct a master 2-fan (X, G, J3r, BZ, T) with n =(u-2)/6 points, all p-blocks of 
size 3, t-blocks of sizes 4 and 6, and groups of sizes 2 and 4. If n + 2 = 4 (mod 6) then 
this can’be done by deleting n blocks with a common subdesign of size 2 from an 
SQS(n + 2) constructed in Theorem 4.2. Do likewise if n + 2 = 2 (mod 6) either using 
Corollary 4.3 or the induction hypothesis. If n + 2 = 0 (mod 6) then construct a O-fan 
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with (n +2)/6 groups of size 6 and blocks of size 4. Consider this as a 3-BD and 
construct the 2-fan (X, G, Br , B,, T) by deleting a block of size 6 and (n - 4)/2 blocks of 
size 4 with a common subdesign of size 2, as in Example 3.11. 
Let s,=6 for all XEX, and let S,=(x) x Z,. 
IfbcB,, say b={x0,xl,x2), let D, be the 3GDD(2) with C,(b)=C,(b)=& and T(b) 
given by equation (1) in the proof of Theorem 4.10. 
If bEB,, say b={ x0, x1, x2}, let Db be the 3GDD(2) defined below 
PEz6, iEz3, q = 1,2}. 
Note that the bipartite 3-subsets covered by these blocks are precisely those of 
the form {(Xi,tl),(Xi,n+2),(xj,m)} with i#j, neZ6, and mEZ6-{n,n+2}. It also 
requires a little work on the part of the reader to check that all tripartite triples 
(x0, p), (x1, q), (x2, r) with p + q + r z 1,2,4,5 (mod 6) are contained in a unique t-block. 
If bE T then let Db be the tripartite design with 1 bl groups of size 6 and blocks of 
size 4 given by either Example 3.17 or Corollary 3.18. 
Now apply the fundamental construction to obtain a 3GDD(2) with groups of 
sizes 12 and 24, p-blocks of size 3, and t-blocks of size 4. The slave designs are 
2-compatible since one set of designs has an empty set of p-blocks. They are 
3-compatible since there is no overlap in the set of bipartite 3-subsets covered by the 
D, with beB, and the set covered by the Db with bEB2. 
This 3GDD(2) can be completed to a 2-fan by adding the partial bipartite design 
generated by the following set of 7 partial one-factors on each group S,. 
Ff={{(x,i),(x,i+2)}}, iEZ 6, and F”,=({(X,O),(X,3)},{(X,1),(X,4)}, {(X%X,5))). 
Use the construction of Example 3.26, for all pairs x, y which are bipartite with respect 
to (X, G). 
Now complete the 2-fan to an SQS(u) by adding the blocks of an SQS(14) or 
SQS(26) with a common subdesign of size 2. 17 
Corollary 4.12 (Hanani [S, 71). There exists an SQS(u) for all v E 2 or 4 (mod 6). 
Proof. Each of the congruence classes is covered by Theorem 4.2, Corollary 4.3 and 
Theorem 4.11. 0 
The above is an improvement on Hanani’s second existence proof for SQS since it 
does not need a separate construction for the congruence class u = 26 (mod 36). 
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5. New applications of the fundamental construction for 3GDD 
In this section we construct two families of 3GDD’s which are compatible and thus 
lead to new constructions for SQS(V) and also for S(3, K, v) where the set of block sizes 
K contains the integer 4, and also in some cases, the integer 6. 
The two families of 3GDD’s will be denoted by Di(g, s, t) with i = 1,2 and they will 
each have the same point set and l-design 
x=z,xz3, 
Each design will have s + t sets of p-blocks and in the designs D1 (g, s, t) we set Bi =8 
for s < i <s + t. In the designs DZ (g, s, t) we set Bi = 8 for 1 Q i < s. Thus the designs are 
always 2-compatible. 
Before constructing the nonempty block sets we define some sets of blocks which 
will be the basic building units for the 3GDD’s. Let 
S(k)={{(x,O),(y,I),(z,2)}: x+y+z=k(modg)}. 
The set S(k) consists of all g2 tripartite 3-subsets with a common sum k and 
furthermore, every bipartite 2-subset is contained in a unique member of S(k). Each of 
the nonempty p-block sets will be a specific set S(k). 
The main building unit for the t-block sets is defined below. Let 
R(a,b,i)={((x+a,i),(x+b,i),(y,i+l),(z,i+2)}: x+y+z=O(modg)}. 
The set R(a, b, i) consists of g* 4-subsets which contain all tripartite 3-subsets with sum 
a or b precisely once, and also all bipartite 3-subsets of the form {(u, i), (v, i), (w, j )} 
where Iu--uI = la- bJ, precisely once. (We use the notation 1x1 =min(x, g-x) for 
XEZ,.) 
We now construct the nonempty block sets of D,(g, s, t) which are defined for all 
~20, t>O, and all gss(mod6) with gas. Let g=6n+s and define 
Bi=S(6n_l+i) for i=l,2 ,..., S, 
n-l 2 
T= u u R(2ni+k,2ni+2n-l-k,i). 
k=O i=O 
We now verify that D1(g, s, t) is a 3GDD(s + t). 
(1) (X, G) is clearly a l-design. 
(2) No monopartite 2-subset of X is contained in a p-block. Every bipartite 
2-subset of X occurs in precisely one block in each Bi with ids and in no block of 
Bi when i > S. 
(3) No monopartite 3-subset of X is contained in a t-block. Every bipartite 3-subset 
of X occurs in at most one t-block. In fact, a bipartite 3-subset {(x, i), (y, i), (z, j )> is 
contained in a t-block if and only if Iy-xle{1,3,5,...,(g-s-3)/3}. 
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(4) Every tripartite 3-subset of X occurs in precisely one block. Consider the 
tripartite 3-subset {(x, 0), ( y, l), (z, 2)}, if x + y + z (mod g) < g --s then the 3-subset is 
contained in a unique t-block, otherwise it is contained in a unique p-block. 
This construction has the following consequence: 
Theorem 5.1 (cf. Hartman [12] and Lenz [16]). Zf there exists an S(3, K, g + s) with 
a subsystem of order s, where s is even and g ES (mod 6), then there exists an 
S(3, Ku (43, 3g +s). 
Proof. The 3GDD D1 (g, s, 0) can be completed to an s-fan by adding the blocks 
of partial bipartite designs constructed as in Example 3.26 using a one-factorization 
of the graph with vertex set Z, and edges x,y for all pairs such that 
ly-x/$(1,3,5 ,..., (g-s-3)/3}. Th e existence of such a one-factorization is guaran- 
teed by a result due to Stern and Lenz [23]. This in turn can be completed to an 
S(3, Ku {4}, 3g +s) by adjoining subdesigns. 0 
We now begin the construction of the set D,(g,s, t) of 3GDDs which will be 
compatible with the designs D1 (g, s, t). The construction is in several cases. 
We shall use the notation [a, b] to denote the set of integers i with a < i < b, with the 
convention that [a, b] = 0 if a > b. 
The t-block sets of D,(g, s, t) are constructed using the sets R(a, b, i) and two other 
building units defined below. The building unit Q(a) is only defined when g is even. Let 
Q(a)={{(x,O),(x+g/2,0),(y, l),(y+dZ l)(z,2),(z+d2,2)): 
x,y,zE[O,g/2-l]x+y+z=a(modg/2)} 
The set Q(a) consists of g2/4 6-subsets. The tripartite 3-subsets contained in precisely 
one member of Q(a) are those whose sum modulo g is either a or a + g/2. The bipartite 
3-subsets covered are all those of the form {(u, i), (u+g/2, i),(v, j)} with u, UEZ, and 
i,jEZj (i#j). 
Case 1. g=4(mod6), t=2(mod6), t<g-2. 
Let g=6n+4, and let t=6m+2 with m<n. Now let 
‘=“’ [3n+3,4n-m++]u[4n+m+3,%+2]u[5n+4,6n-m+3] ( 
{0,3n+2}u[m+1,n]u[n+2,2n-m+1]u[2n+m+2,3n+1]u 
1 ’ 
Note that 1 VI = 6m + 2 = t, and we define the p-block sets B,+i = S(k) where k is the ith 
member of V. The t-blocks are defined by 
n-Ill 
T=Q(O)u u (R(n+1-j,n+1+j,O)uR(3n+2-j,3n+2+j,l)u 
j=l 
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To show that this design D2(g, s, t) is a 3GDD and is compatible with D1(g, s, t) we 
note the following: 
Every bipartite 3-subset of X occurs in at most one t-block. In fact, a bipartite 
3-subset {(x, i), (Y, 9, (z, j )> is contained in a t-block if and only if Iy-xle 
{2,4,6,..., 2(n -m)} u {3n + 2). These bipartite 3-subsets are disjoint from those 
covered by the design D1( g, s, t), since, even if 3n + 2 = g/2 is odd, it is strictly greater 
than (g-s-3)/3. 
Every tripartite 3-subset of X occurs in precisely one block. Consider the tripartite 
3-subset {(x, 0), (y, l), (z, 2)}, if x +y + z (mod 6n + 4)~ V then the 3-subset is contained 
in a unique p-block, otherwise it is contained in a unique t-block of size 6 if 
x + y + ZE {0,3n + 2) or in a unique t-block of size 4 otherwise. 
Case 2. g=4(mod6), t=4(mod6), tdg. 
To construct the design D2(g, s, t) construct the design D,(g, s, t - 2) as in Case 1, 
then remove Q(0) from T and let B,+,_l =S(O) and B,+,=S(3n+2). 
Case 3. g=2(mod6), tEO(mod6), tdg-2. 
Before proceeding with the general construction for this case, we give three small 
constructions. 
l The construction of 02(2, s, 0) is completed by T= (X} = Q(0). 
l The t-block set of &(S,s,O) is given by T=Q(O)uR(1,7,O)uR(2,5, l)uR(3,6,2). 
l The p-block set of 0,(8, s, 0) are S(l), S(2), S(3), S(5), S(6), and S(7). The t-blocks are 
T= Q(0). 
Now let g=6n+2 with n>2, and let t=6m with m<n. If m=O let 
n-l 
T=Q(O)uR(n+1,5n+l,O)u u R(3n+l-j,3n+l+j,O)u 
j=l 
if m 2 1 let 
{0,3n+1}u[m+1,n]u[n+2,2n-m+1]u[2n+m+1,3n]u 
[3n+1,4n-m+l]u[4n+m+1,5n]u[5n+2,6n-m+1] ’ 
Note that ( VJ = 6m = t, and we define the p-block sets B,, i = S(k) where k is the ith 
member of V. The t-blocks are defined by 
T=Q(O)u u (R(n+l-j,n+l+j,O)uR(3n+l-j,3n+l+j,l)u 
j=l 
R(5n+l-j,5n+l+j,2)). 
The proof that these designs are in fact 3GDD’s which are compatible with the 
relevant designs in the D, family is similar to the argument given in case 1 - 
especially in the cases where ma 1. When m =0 and n 22, note that a bipartite 
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hubset {k 9. (y, 9, (z, j I} is contained in a t-block if and only if 
l Iy-xl~(2,4,6,...,2(n-l)}u(3n+l} or 
. ly-xl=2n and i=1,2 or 
l Jy-x)=2n+2 and i=O. 
When it= 1 and m=O the bipartite 3-subsets covered are precisely those with 
ly-xl=3 and i= 1,2 or Iy-xl=2 and i=O. These bipartite 3-subsets are disjoint 
from those covered by the relevant design Dr( g, s, 0). 
Case 4. g G 2 (mod 6), t s 2 (mod 6) t < g. 
To construct the design D,(g, s, t) construct the design D,(g, s, t -2) as in Case 3, 
then remove Q(0) from T and let B,+,_ 1 =S(O) and B,+,=S(3n+ 1). 
In the previous cases, a counting argument shows that one must use blocks of 
size 6 when g f t (mod 3). When g f 0 (mod 6) we may avoid the use of blocks of size 
6 in most instances. Where possible we give two constructions for D2(6n, s, t) one with 
and the other without blocks of size 6. 
We also introduce a new building unit, P(a, b), which is only defined when 
gEO(mod3) and a= -bfO(mod3). Let 
The set P(a, b) consists of g2 4-subsets. The set covers each tripartite 3-subset whose 
sum is either a or b precisely once. To see this, note that if u + u + w f 0 (mod 3) then 
precisely two of u, v, w are congruent modulo 3. Now if U+V+ w =a(mod g) with 
VE w (mod 3) then there is a unique solution for x and y to the equations 
u=a-2x-3y, VEX and w=x+3y all modulo g. 
The bipartite 3-subsets (u, i), (v, i), (w,j ) covered by P(a, b) are precisely those with 
Iv-ul=lb-al, u+u+w=O(mod3), and any i#jEZj. 
One may cover the remaining bipartite 3-subsets with Iv--uI = 1 b-al using the 
partial bipartite design generated by the three partial one-factors Fi = { (3y + a + i, 
3y+b+i}: yE[O,(g-3)/3]} with i=O, 1,2. 
Case 5. g=O(mod6), t=O(mod6), t<g-6, (g,t)#(12,0) with blocks of size 6. 
Note that when t = g the set of r-blocks is empty, so no blocks of size 6 are possible. 
Before proceeding with the general construction for this case, we give one small 
construction. 
The construction of D2(6, s, 0) with blocks of size 6 is completed by 
T=Q(O)u{{(x,i),(x+2,i),(x+3y+l,i+l), (x+3y+l,i+2)}: 
XEZ,, i~Z3,yE[0,1]}u{{(x,i),(x+2,i), (x+3,i+y), (x+5,i-y)}: 
XEZ~, iEZj, yE[l, 21). 
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Now let g = 6n and let t = 6m with m < n. For i = 0, 1,2 let ci be the unique member of 
[n - 1, n + l] which is congruent to i modulo 3. If m = 0 and n 2 3 let 
T=Q(0)uP(cI,6n-c,)uP(c,,6n-c,)uR(c,,6n-cO,O)u 
n-2 
R(n+2,4n-l,l)uR(2n+l,%r-2,2)u u (R(j,6n-j,O)u 
j=l 
If ma1 and na2 let 
I 
{0,3n,cI,c2,6n-c,,6n-c,}u[l,n-m-l]u 
V=Z,\ [n+m+2,2n]u[2n+2,3n-m]u 
[3n+m,4n]u[4n,5n-m-2]u[5n+m+1,6n-l] 1. 
Note that 1 V/I =6m= t, and we define the p-block sets B,+i=S(k) where k is the ith 
member of V. The r-blocks are defined by 
T=Q(0)uP(c1,6n-cI)uP(c2,6n-c,)u 
n-m-l 
R(4n - 1 -j, 4n - 1 + j, 2)). 
An argument similar to that given in Case 3 proves the validity of this construction. 
When m = 0 and n > 3, note that a bipartite 3-subset ((x, i), (y, i), (z, j )} is contained in 
a t-block if and only if 
l Iy-xlE{2,4.6,...,2(n-2)}u{3n} or 
. ly-xI=3n-3 and i=l,2 or 
l Iy-xI=2c0 and i=O or 
l I~-x/E{~c~,~c~) and x+y+z=O(mod3). 
Case 6. g = 0 (mod 6) t E 2 (mod 6), t d g -4, without blocks of size 6. 
The design D,(12, s, 2) without blocks of size 6 is given by B,+ 1 = S(6), B,+ 2 = S(7) 
and 
T=P(l, ll)uP(2,10)uR(O, 5,O)uR(3,8,l)uR(4,9,2). 
To construct the remaining designs D2(g, s, t) construct the design D2(g, s, t-2) as in 
Case 5, and proceed as in Cases 2 and 4. Note that the design D2(6, 0,2) is essentially 
the same as the design used in the proof of Theorem 4.11. 
Case 7. g = 0 (mod 6), t = 2 (mod 6), t <g - 4, with blocks of size 6. 
The design D2(6, s, 2) with blocks of size 6 is given by B,+ 1 = S(2), B,, 2 = S(4) and 
T=Q(O)uP(l, 5). 
The design D,(12, s, 2) with blocks of size 6 is given by B1 = S(5), B2 = S(10) and 
T=Q(O)uP(l, ll)uR(2,7,O)uR(3,8,l)uR(4,9,2). 
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To construct the remaining designs DZ( g, s, t) construct the design D2( g, s, t - 2) as in 
Case5,thenremoveP(c,,6n-c,)fromTandletB,+,_,=S(c,)andB,+,=S(6n-c,). 
Case 8. g E 0 (mod 6), t E 4 (mod 6), t d g - 2, without blocks of size 6. 
The design D2(6, s, 4) without blocks of size 6 is given by B,, r = S(O), B,+z = S(2), 
B s+3=S(3), Bs+4= S(4) and T=P(l, 5). 
The design D2(12, s, 4) without blocks of size 6 is given by B,+ 1 = S(O), B,+ Z = S(5), 
B s+3=S(6), B,+,=S(lO) and 
T=P(l, ll)uR(2,7,O)uR(3,8,l)uR(4,9,2). 
To construct the remaining designs D,( g, s, t) construct the design D,( g, s, t -4) as in 
Case 5, remove Q(O)uP(cr,6n-cl) from T and let Bs+l-3=S(0), B,+,_z=S(3n), 
B,+,_l=S(cI) and B,+,=S(6n-c,). 
Case 9. g = 0 (mod 6), t = 4 (mod 6), t < g - 2, with blocks of size 6. 
The design 0,(6,s, 4) with blocks of size 6 is given by B,+ 1 =S(l), B,+z=S(2), 
B s+3=S(4), B,+4=S(5) and T=Q(O). 
The design 0,(12,s,4) with blocks of size 6 is given by B,+l =S(l), B,+2=S(5), 
B ,+3=S(10), B,+,=S(ll) and 
T=Q(O)uR(2,7,O)uR(3,8, l)uR(4,9,2). 
To construct the remaining designs D,( g, s, t) construct the design D2(g, s, t -2) as 
in Case 5, then remove P(cI,6n-cI)uP(c2,6n-c,) from T and let B,+t_3=S(~1), 
Bs+t_z=S(6n-c,), B,+,_I=S(cz) and B,+,=S(6n-c?). 
Case 10. g = 0 (mod 6), t 3 0 (mod 6), 6 d t < g, without blocks of size 6. 
The design 0,(6, s, 6) without blocks of size 6 is given by Bi = S(i - l), i = 1,2,. . . ,6 
and T=@ 
The design 0,(12, s, 6) without blocks of size 6 is given by B,+ 1 =S(O), B,+z = S( l), 
B s+3=S(5), B,+b=S(6), B,+,=S(lO), Bs+6= S(ll) and T=R(2,7,O)uR(3,8,l)u 
R(4,9,2). 
To construct the remaining designs DZ( g, s, t) construct the design DZ( g, s, t - 6) as 
in Case 5, then remove Q(0)uP(cl,6n-cI)uP(c,,6n-~2) from T and let 
B,+,-5=S(0), B,+,-4=S(3n), Bs+l-3=S(c1), B,+,-z=S(6n-cI), B,+,-r=S(c~) and 
B,+,=S(6n-c,). 
Case 11. g=O(mod 6), t=O, g> 12, without blocks ofsize 6. 
The design 0,(12, s, 0) without blocks of size 6 is given by 
T=R(O, 5,O)uR(l, 3,O)uR(2, 10, l)uR(4,9, l)uR(6,8,2)uR(7,11,2). 
For gal8 let g=6n with n33 and let 
n-l n-2 
u (R(n-j,n+j,O)uR(3n+l-j,3n+l+j,l))u U R(5n-j,5n+j,2). 
j=l j=l 
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Using the building units given above it is impossible to construct the designs 
02(12,s, 0) with blocks of size 6, and 0,(6,s,O) without blocks of size 6. 
The constructions of D2(g, 0, t) have the following consequences: 
Theorem 5.2. If there exists an S(3, K, g + t) with a subsystem of order t, where t is even 
and g = t + 2 (mod 6), then there exists an S(3, Ku {4,6}, 3g + t). 
Proof. The proof is identical to that of Theorem 5.1, using the 3GDD’s constructed in 
Cases 1.3 and 7. 0 
Theorem 5.3 (cf. Hartman [14] and Lenz [16]). Zf there exists an S(3, K, g+ t) with 
a subsystem of order t, where t is even and g ~0 (mod 6), then there exists an 
S(3, Ku {4}, 39 + t). 
Proof. The proof is identical to that of Theorem 5.1, using the 3GDD’s constructed in 
Cases 6,8,10 and 11. When g=6 and t=O, use D1(6,0,0). q 
Theorem 5.4. If there exists an S(3, K, g + t) with a subsystem of order t, where t is even 
and g ~0 (mod 6), then there exists an S(3, Ku {4,6}, 3g + t). 
Proof. The proof is identical to that of Theorem 5.1, using the 3GDD’s constructed in 
Cases 5,7 and 9. Use designs 01( g, t, 0) when Case 5 is not applicable. In these cases, 
there may be no blocks of size 6. 0 
We now come to the main results which involve the combination of both families of 
3GDD’s. 
Theorem 5.5. Let 0=(X, G, B1, B,, T) be a 3GDD(2) such that all the p-blocks have 
cardinality 3, and no t-block has cardinality 3. Let g = 0 (mod 6) and n < 2g be even. Then 
there exists a 3GDD(n) with all p-blocks of size 3 and all t-blocks of sizes 4 and possibly 
6, which can be completed to an n-fan. 
Proof. Use the fundamental construction with s, =g. Let n=s+ t with s, t both even 
and both less than or equal to g. Use the designs Di(g, s, t) as slave designs for blocks 
in Bi, and the designs constructed in Corollary 4.9 as slave designs for the t-blocks. 
These designs can be completed to fans using Stern and Lenz’s theorem on one- 
factorizations of cyclic graphs, and using the partial bipartite design generated by 
partial one factors when a building unit P(a, b) is involved in the construction. 0 
The only time that one is forced to include blocks of size 6 in Theorem 5.5 is when 
g = 6 and n = 0. Theorem 5.5 includes Theorem 4.11 as a special case when g = 6 and 
n = 2. Many other results can be obtained from the constructions given above and we 
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give two further examples: 
Theorem 5.6. Let m-0 or 2 (mod 6), let g and n<2g be even, and satisfy one of the 
following: 
l geO(mod6) 
l g=2(mod6) and n=4(mod6) 
l g=4(mod6) and 86n=2(mod6) 
Zf there exists an SQS(2g+n) with a subdesign of order n then there exists an 
SQS(mg+n) with subdesigns of order 2g+n. 
Proof. Write n =s + t with s = t -g (mod 6) and s, t dg. Use an SQS(m+ 2) with 
2 points deleted as the master 3GDD(2) in the fundamental construction, use designs 
Oi( 9, s, t) as slaves for the p-blocks, and the tripartite designs of Example 3.17 as slaves 
for the t-blocks. Complete to a fan using partial bipartite designs and then complete to 
a design by adjoining subdesigns. q 
As an example let g= 10, m= 12 and n= 14, then since there exists an SQS(34) with 
a subdesign of order 14 (by Theorem 5.1) we deduce the existence of an SQS( 134) with 
a subdesign of order 34. 
The subdesign structure of the SQS(mg+n) constructed by Theorem 5.6 is parti- 
cularly rich. If for example, the master design SQS(m+2) contains a subdesign of 
order u+2, then the resulting SQS(mg +n) contains a subdesign of order ug+n. 
A subdesign of order m is also constructed if the following conditions hold: 
l Both of the slave designs D1 and DZ contain the p-block set S(O), say 
B1=&+1=S(O). 
l When adjoining the subdesigns, care is taken to include the block 
(~1, ~s+1, (x,O),(y,O)} for each pair {x,y}~G. Where {co,, COG,..., co,+,} is the 
set of adjoined points. 
A subdesign isomorphic to the master design is then induced on the set 
xx {OIU{~,, %+I) since the tripartite designs all contain the block b x (0) for all 
b E T and S(0) contains a similar block for each of the p-blocks of the master design. 
Theorem 5.7. Let m, g and n ,( 2g be even, and satisfy one of the following: 
l gzO(mod6) 
l g=2(mod6) and n=2 or 4(mod6) 
l gr4(mod6) and 66n=O or 2(mod6) 
If there exists an S(3, K, 2g + n) and an S (3, K, 4g + n) each with a subdesign of order n, 
and if there exists a tripartite design with 6 groups of size g and block sizes in the set 
K, then there exists an S(3,KuK1u(4,6},mg+n). 
Proof. Write n = s + t with s-g (mod 6), t z g or g + 4 (mod 6) and s, t <g. Use either 
an SQS(m + 2) or a G-design (as in Theorem 4.11) with 2 points deleted as the master 
3GDD(2) in the fundamental construction. Use designs Di(g, s, t) as slaves for the 
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p-blocks. Use the tripartite designs of Example 3.17 or those of the hypothesis as 
slaves for the t-blocks. Complete to a fan using partial bipartite designs and then 
complete to a design by adjoining subdesigns. 0 
Note that the set K1 can be taken to be the singleton 4 if g is divisible by 
6 (Corollary 4.8) and it may be the singleton 6 if g is divisible by 4 and not by 
3 (Corollary 4.7). 
6. Conclusions 
We have given an analogue of Wilson’s fundamental construction for 3-wise 
balanced designs and shown that it is a common generalization of all known recursive 
constructions for such designs. We have also given some new powerful recursive 
theorems based on the construction. 
There are many possible further generalizations to this work - for example one 
would like to find appropriate analogues of the generalizations of Wilson’s construc- 
tion. The generalization to higher values of A is quite straightforward - and some of 
this can be found in Hanani’s paper [7]. Incorporating the ideas of incomplete group 
divisible designs and frames (see [24]) is a more challenging project. 
There is also the nagging annoyance of our inability to construct the designs of the 
final section with g- t+4=2 or 4 (mod 6) and the other two small but elusive 
examples. 
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